In the past few years, studies on two layer-fluid systems (in the ocean or in the atmosphere) have attracted the attention of the research community [1] [2] [3] [4] [5] [6] [7] . Most studies deal with the cases when the waves are distinguishable at the critical values of dispersion or nonlinearity.
Introduction
In the past few years, studies on two layer-fluid systems (in the ocean or in the atmosphere) have attracted the attention of the research community [1] [2] [3] [4] [5] [6] [7] . Most studies deal with the cases when the waves are distinguishable at the critical values of dispersion or nonlinearity.
The dynamics and the stability of two-layer fluids are investigated using the complex Korteweg-de-Vries equation (cKdV) [8] [9] [10] [11] and the mechanism for the rogue waves formation is presented.
The competition between the dispersivity and the nonlinearity of the medium on folding (or unfolding) of the two layers is given by the system [12] [13] [14] [15] 
where d 1 À d 2 is the detuning parameter, k 1 ; k 2 are the unfolding parameters, I 1 ; I 2 are the normalising integrals and l i ; k i ; i ¼ 1; 2, are the nonlinear and the dispersive coefficients respectively. It worth mentioning that the coupling between the two layers occurs via the last two terms in (1) that designate the effect of translational motion.
In the linear long-wave limit the dispersion relation for waves with speed c is
Eq. (1) was studied in [8] and it was found that there is instability when k 1 k 2 < 0 and stability when k 1 k 2 > 0. Here, we can anticipate the presence of terms A 1 ð Þ xxx and ðA 2 Þ xxx in the Eqs. (1) 1 , (1) 2 and a full suite of nonlinear terms A 1 ðA 1 Þ x , A 2 ðA 2 Þ x in both equations.
The dynamical behavior and the stability of the solutions of Eq. (1) are analyzed when a transverse dispersion is presented. In this case, Eq. (1) is called the extended Kadomtsev-Petviashvili equation, denoted by (CKPE), and is given by
where d is the coefficient of lateral dispersion. Eq. (3) will be studied using the unified method (UM) [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . The UM is based on writing the solutions in the form of polynomials or rational functions that contain an auxiliary function satisfying an appropriate auxiliary equation. Here, we confine ourselves to finding only the polynomial solutions. Then we find the quadratic invariant and introduce the phase portrait for these solutions.
The description the UM
In this section, we present the outline of the UM [16] [17] [18] . Consider the nonlinear evolution equations (NLEE) of the type (q + 1)-dimension:
where F i are polynomials in their argument and u j ¼ u j ðt; x 1 ; . . . ; x q Þ. When x 1 ; x 2 ; . . . ; x q and t are missing in the Eq. (4), then each physical observable u j possess ðq þ 1Þ basic traveling wave solutions that satisfy the equation
where U j ¼ U j ðzÞ; a 0 and a s are arbitrary constants.
To get the polynomial function solutions of Eq. (5), the UM suggests that
where p i j and c i are arbitrary constants to be determined later. It is worth to be noticing that, n and k are determined from the balance equation by the criteria given in [16] [17] [18] . Also, a second condition (the consistency condition), which asserts that the arbitrary functions in Eq. (6) could be consistently determined, is used. When p ¼ 1, (6) solves to elementary solutions (explicit or implicit) while when p ¼ 2, it solves to elliptic solutions.
Steps of computation: When substituting from Eq. (6) into the Eq. (5), we get the principle equations and the following steps are done.
1. Solving the principle equations. 2. Solving the auxiliary equations. 
Under the condition given by (2), we find that
From Eq. (6) 1 when n ¼ 2, we have
Solitary wave solutions
To obtain these solutions, we put p ¼ 1 (or p ¼ 2) and k ¼ 2 in the auxiliary equation given by (6) 2 .
The auxiliary equation will be in the form
It is worth to be noticing that these solutions may be considered as results of nonlinear of solitary waves. By a direct calculations using Mathematica (or any other package of calculations), we get where Fig. 1 shows the solutions given by (11) for different values of l 1 . Fig. 1(a) and (b) shows two layers of soliton waves. In the upper layer, the soliton wave corresponds to the function vðx; y; 1Þ while the soliton wave in the lower layer corresponds to the function uðx; y; 1Þ. We remark that the wave in the upper layer is od amplitude which is higher than that one in the lower layer. The waves in Fig. 1 (a) exhibit separated soliton waves while Fig. 1(b) so overlapping.
(ii) When p ¼ 2 and k ¼ 2.
The auxiliary equation will be in the form 
By the same way as we did in the last case, we get 
where
b are arbitrary constants. The solutions given by (13) for different values of l 1 are given in Fig. 2 .
Elliptic wave solutions
To obtain these solutions, we put p ¼ 2 and k ¼ 2 in the auxiliary equation given by (6) 2 . To this end, we assume that
We mention that p i and q i ; i ¼ 0; 1; 2 in the obtained solutions are represented by the free parameters c j ; j ¼ 0; 1; . . . ; 4. For particular values of c j , j ¼ 0; 1; . . . ; 4, we get different solutions in Jacobi elliptic functions. Here, if we take (according to the classification in [29] )
and substituting into (14), we get
where 0 < m < 1 is called the modulus of the Jacobi elliptic functions. When m ! 0, snðzÞ, cnðzÞ and dnðzÞ degenerate to sinðzÞ; cosðzÞ and 1, respectively; while, when m ! 1, snðzÞ, cnðzÞ and dnðzÞ degenerate to tanhðzÞ, sech(z) and sech(z) respectively. Finally, the general solutions of (7) in terms of the Jacobi elliptic functions are given by
VðzÞ ¼ 1 Fig. 2 . Shows the solutions given by (13) for different values of l 1 . 
We remark that in Eqs. (11), (13) and (17), UðzÞ and VðzÞ are proportional up to shifting. This may be argued to fact that the coupling in Eq. (3) is expressed by translational terms.
The solutions given by (17) for different values of l 1 are given in Fig. 3 . Fig. 3 (a) and (b) shows two layers of elliptic waves. In the upper layer, the elliptic wave corresponds to the function vðx; y; 1Þ while the elliptic wave in the lower layer corresponds to the function uðx; y; 1Þ. We remark that the wave in the upper layer is od amplitude which is higher than that one in the lower layer. The waves in Fig. 3 (a) exhibit separated elliptic waves while Fig. 3(b) so overlapping.
The quadratic invariant for the CKPE
In this section, we find the quadratic invariant for the solutions given by Eqs. (11), (13) , and (17).
Assume we have a quadratic form given by
where a 0 ; a 1 ; a 2 are constant and b 0 ; b 1 ; b 2 are function in U and V. Differentiating (18) w.r.to z gives rise to
By using Eqs. (7) and (8) Here, we focus our attention to study (graphically) the quadratic invariant for the solutions given by Eqs. (11), (13) , and (17) in Figs. 4-6 respectively. Fig. 4(a) shows that the solution is stable when 0 < l 1 < 0:7. Fig. 4(b) shows that the solution is unstable when 0:7 6 l 1 < 2:8. Fig. 4(c) shows that the solution is stable when l 1 P 2:8. Fig. 5(a) shows that the solution is stable when 0 < k 1 < 0:54. Fig. 5(b) shows that the solution is unstable when 0:54 6 k 1 < 2. Fig. 5(c) shows that the solution is stable when k 1 P 2. In Fig. 7(a) , the bifurcation points are located at l 1 ¼ 0:69 and l 1 ¼ 2:8. When l 1 < 0:7 or l 1 P 2:8 the solution is stable and when 0:7 6 l 1 < 2:8 the solution is unstable.
In Fig. 7(b) , the bifurcation points are located at k 1 ¼ 0:53 and k 1 ¼ 2. When k 1 0:53 or 0:53 < k 1 < 2 the solution is stable and when k 1 P 2 the solution is unstable.
After Fig. 7 (a) and (b), we find that the location of the bifurcation points moved to the left, namely the location of the bifurcation points hold at smaller values of l 1 and k 1 . This means that the region of stability(instability) of the solutions are changed by increasing the value of d.
From Fig. 7(a) we find that the region of instability is obtained when 0:7 6 l 1 < 2:8. This means that the atmosphere blocking hold in small region of l 1 (nonlinearity).
From Fig. 7(b) we find that the region of instability is obtained when k 1 P 2. This means that the atmosphere blocking hold in small region of k 1 (dispersion).
Conclusion
In this paper, we derived several types of polynomial solutions for the CKPE via the UM to study the atmospheric blocking in two layers. From the bifurcation diagrams, we discussed the stability for these solutions using the Hamiltonian systems with two degrees of freedom. We found that the destabilization of the atmosphere blocking holds significantly when the value of the coefficient of lateral dispersion is increased. 
